Abstract: This paper proposes an asymptotic approach for describing silting of rivers. The proposed approach is based on the hypothesis that rivers silting can be explained by an asymptotic behavior near shock curves of the governing equations of sediment deposits. The computation of the leading term of the asymptotic expansion is then performed and an example which illustrated the proposed approach is presented.
Introduction
In the context of climate change, the study of the phenomenon of silting of rivers and lakes is today one of the most important research topics in the fields of environmental and socio-economic. Silting of rivers or lakes can be defined as a state of excess sediment deposits. Such the process is among the most complex and least understood phenomena in nature.
Significant mathematical investigations on rivers sedimentation and their morphological changes can be found in 1970s. Since then, various papers where written but most of them have developed 1-D models ( [1, 5, 12] ). Also, there are only few papers devoted to modelling silting of rivers or lakes. Numerous existing 2-D and 3-D models describe and simulate sediment transport processes and morphological changes in channels mobile bed and bank ( [2, 6, 7, 9, 10, 11] ). This paper is focused on the development of a numerical approach based on an asymptotic expansion of the solutions that are valid in the neighborhood of rivers banks. The approach developed in this paper is very closed to that of limit layers. As in dynamic fluid, the boundary layer under consideration can be defined as the layer where the silting effect is very significant. Thus we shall use the inner asymptotic expansion, a classical technique for the study of boundary layers in fluid dynamic which has been used to a context closed to ours ( [3, 4] ). Our main objective is then to describe the silting phenomenon on a portion of strip of a river for which the effect of the silting is more important.
The outline of this paper is as follows. In Section 2, we present the equations of the model of our problem, and with the thanks of the asymptotic expansion theory, we study the solution of the problem. Then, numerical simulation is conducted in Section 3.
Problem Statement
Let Ω be a R 2 bounded domain which represents the water surface of the part of the studied river. We consider a cartesian axis system (x, y), and assume that the boundary ∂Ω of the domain Ω can be splitted by
where Γ r i , i = 1, 2 represent the river banks that we shall assume to be described by equations
η i being known functions. The boundaries Γ s i , i = 1, 2 are segments that limit the studied river portion. They are given by the equations
where 2L is the length of the studied portion of the river (Figure 1a ). To be complete in the description of the studied problem, the flow is assumed to be incompressible and is oriented in the x direction. So to describe the sediment Figure 1 : On the left (a) it is illustrated the scheme of the studied portion of the river water free surface whiles on the right (b) a section along the width of the river bed morphology is shown.
evolution, we denote by S(t, x, y) the height of sediments deposit at the point (x, y) at the time t as it is shown in Figure 1b . It is shown in many papers that sediments deposit depend of course of the flow dynamic of the river which we shall describe its Cartesian velocity field vector at the point (x, y) and at the time t by U = (u(t, x, y), v(t, x, y), w(t, x, y)) .
To describe the silting phenomena near rivers banks one can neglected the third component w. Thus the equations system of the sediment dynamic are then
The equations (5), (6) and (7) are the well known Navier-Stokes equations which describe incompressible flows, while the equation (8) describes sediment deposit. Functions k x (u, v) and k y (u, v) are parameters which describe transport of sediments in x and y directions, and the term ∆(φ(S)) describes dispersion of sediment particles moving in the river. In addition, we introduce following boundary conditions on the river sides:
where g i and h i are assumed to be known functions and, on the boundary part x = ±L no condition is imposed. So the considered model is seen as an incomplete data problem and can be investigated in the framework of inverse problems. Our aim in this paper is to provide some solutions which can describe silting of rivers banks by using the partial differential equations asymptotic theory.
Inner Asymptotic Expansion Valid on a Neighborhood of a River Side
Remarking that the governing equation of the sediment deposit can be written in the divergence form, we then consider near some side of the river the shock curve described by the equation
along with there exists at time t the solutions which are not continuously differentiable. Also we assume that the function η is sufficiently regular. Then, in order to describe river silting phenomenon we have to consider the following shock layer:
and we introduce the inner variables
for appropriates δ(ε) and λ(ε) such that δ(ε) → 0 and λ(ε) → 0, as ε → 0 and, we denote by u ε (t, x, y), v ε (t, x, y) and S ε (t, x, y) the solutions of the system equations (5)- (11) that are valid in the shock layer Ω ε,t . Afterwards we look for an inner asymptotic expansion of this solution in the following form:
where for any non null real s ones has
and where α, β and γ are some appropriate parameters. It is important to note that, as we are interested in determining solutions expansions that are valid in the vicinity of the river side, normal and tangential velocities may not be considered of the same order. In fact, the tangential velocity can be neglected relatively to the normal ones. This point of view has lead us to assume that 0 < β < γ.
while the sediment near the line y = η(t, x) can be assumed to be of the same order as the normal velocity. Next, for the sake of the simplicity, we shall assume that the diffusion term in equation (8) is expressed as
For an asymptotic description, following assumption may be done
This means that tangential component of the velocity is neglected relatively to the normal ones. In fact it is natural to assume that near the river side convection in y direction is least important than the convection in x direction.
Furthermore we shall assume that following expansions hold:
where k 0 x , k 0 y and µ 0 are constant parameters. We have the following result.
Theorem 3.1. If we set
then, passing to the limit as ε ց 0 (t * , x * and y * fixed), we have
Assuming that the equation (26) holds and if in addition we suppose that
Thus we deduce
A Numerical Example
Let us consider the problem of searching S ε which satisfies the following initial condition
Then we have to look for an asymptotic expansion of the sedimentation deposit valid in the vicinity of the shock that we assume to be defined by the following
With the assumptions (25) and (29) we have to solve a the leading term the following partial differential equation:
with the initial condition
For the sake of the simplicity we set µv 0 = −1. Then the equations system (34)-(35) admits the solution which is explicitly given by
Therefore, the expansion of the solution near the shock given by (33) is
We have illustrated this solution in Figure 2 by taking δ(ε) = ε 1 2 , α = γ = 1 2 , and ε = 0.1. Figure 2 clearly shows the dynamic of the silting of the bed which becomes more and more important near the shock line. 
Concluding Remarks
In this paper we have presented expansion solutions which give rise to a complete description of sediment process near rivers banks. Particularly, we estab-lished that these solutions can be expressed in terms of inner variables described with moving shock lines. However, this work was not interested in determining the exact equation of the shock line. In our future work we shall identify this function using data variational assimilation. Note that to compute some constants in the solution, matching properties will be needed. This required to determine the outer expansion of the solution.
